Slowly rotating wormholes: the first order approximation 
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We discuss a solution describing a rotating wormhole in the theory of gravity with a scalar field 
with negative kinetic energy. To solve the problem we use the assumption about slow rotation. 
The role of a small dimensionless parameter plays the ratio of the linear velocity of rotation of 
the wormhole's throat and the velocity of light. The rotating wormhole solution is constructed in 
the framework of the first order approximation with respect to the small parameter. We analyze 
the obtained solution and study the motion of test particles and the propagation of light in the 
spacetime of rotating wormhole. 
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I. INTRODUCTION 



o 
O 

o _ 

CO I Wormholes are usually defined as topological handles in spacetime linking widely separated regions of a single 
universe, or "bridges" joining two different spacetimes 0, As is well-known they can exist only if their throats 
Q ■ contain an exotic matter which possesses a negative pressure and violates the null energy condition. The search of 
realistic physical models providing the wormhole existence represents an important direction in wormhole physics. 
^ Various models of such kind include scalar fields H, [E. B; wormhole solutions in semi-classical gravity 3; solutions 
bJO, in Brans-Dicke theory [9|]; wormholes on the brane [lOj; wormholes supported by matter with an exotic equation of 
' state, namely, phantom energy [llj , the generalized Chaplygin gas , tachyon matter [l^ , etc [13, [Si ■ 
I It is worth to notice that the most investigations deal with spherically symmetric wormholes because of their high 

^ ' symmetry. At the same time it would be important and interesting with the physical point of view to study rotating 
\^ wormholes. Some general properties of rotating wormholes have been discussed in the literature [TgI. [TtI. IT^ ITgl [2^1 . 

However, so far there are no exact solutions describing such objects. The aim of this paper consists in constructing 
such the solutions. 

, As is well-known (see [1, a scalar ghost, i.e. a scalar field with negative kinetic energy can support static 
■ spherically symmetric wormholes. Moreover, such the wormholes are stable against linear spherically symmetric 
, perturbations [2l] |. In this paper we look for rotating wormholes supported by the scalar field with negative kinetic 
energy. To solve the problem we suppose that a wormhole is very slowly rotating and construct a solution in the 
framework of the first order approximation with respect to a small parameter characterizing the velocity of rotation. 

The paper is organized as follows. In the section |ll] we give some general formulas and write down the field 
equations. A static spherically symmetric wormhole is briefly discussed in the section IIIII In the section IIVI we 
formulate a condition of slow rotation and introduce a small parameter characterizing the velocity of rotation. In the 
framework of the first order approximation with respect to the small parameter we construct a solution describing the 
rotating wormhole. The solution is analyzed in the section |Vl In the section IVll we study the motion of test particles 
and the propagation of light in the spacetime of rotating wormhole. The summary of results obtained is given in the 
section IVIII 

II. GENERAL FORMULAS 

Consider the theory of gravity with a scalar field (j) describing by the action 



S = J d*xV^[R+{Vcj,f] , (1) 
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where g^i, is a metric, g = det{gf^^), R is the scalar curvature, and (Vcj))'^ = g^'^ ^^(f) ^i, is the kinetic term. Throughout 
the paper we use units G = c = 1 and the signature ( — h ++). For this signature the sign '+' before the kinetic term 
corresponds to negative kinetic energy, hence cj) is a ghost. 

Varying the action ([T]) with respect to g^,y and (j) yields Einstein equations and the equation of motion of the scalar 
field, respectively: 

Rfii' = -4>,fi<t>,v, (2a) 
V"V„(/) = 0. (2b) 

In the paper we will search for solutions of the system ^ describing rotating wormholes. A spacetime with the 
stationary rotation possesses the axial symmetry. As is known (see, e.g. |22i] ) a general axially symmetric metric can 
be given in the following form: 

ds^ = -Adt^ + Bdr"^ + K'^[de^ + sin^ e{dip - udt)\ (3) 

where A, B, K, u are functions of r, 9. The function lo has an explicit physical sense; it represents an angular velocity 
of rotation in a point (r, 9). The requirement of finiteness of the angular momentum J measured by a distant observer 
yields the following asymptotical condition for lo [2^ : 

2 J 

uj = — + 0{r^^) at r oo. (4) 

Also, requiring that a spacetime should be asymptotically flat we have A — > 1, S — > 1, and if^ —> a.i r ~* oo. 

Equations of the system ([2]) written down for the metric ([3]) are partial differential equations of second order for five 
functions A, B, K, uj, and 0. Solving these equations in a general form is rather complicated mathematical problem. 
Further, to simplify the problem we restrict ourselves by the case of slow rotation. 

III. STATIC SPHERICALLY SYMMETRIC WORMHOLE 

In order to formulate a condition of the slow rotation we first of all discuss a static spherically symmetric case. The 
static spherically symmetric solution in the theory of gravity with the ghost scalar field was first found by Ellis [3| 
and, independently, Bronnikov This solution can be represented as follows (see Q) 

ds^ = -e^"dt^ + e-2"[dr2 + (r^ + rl){d9^ + sin^ 9dif^)], (5) 

where the radial coordinate r varies from — oo to oo, m and ro are free parameters, and 

, ^ m f r 7r\ 
Mir — — arctan . 7) 

Taking into account the following asymptotical behavior: e^^jr^oo = 1 — ^ + 0{r~^), and e^"|r^-oo = 
g-27rm/ro _ 2jp_^ _|_ (9(j--2')^ -^^g jjjg^y ggg the spacctimc with the metric ([S]) possesses by two asymptotically 
flat regions. These regions are connected by the throat whose radius corresponds to the minimum of the radius 
of two-dimensional sphere, R^{r) = e~^"^''^(r^ + ^o)- "^^^ minimum of R{r) is achieved at r^/j — m. The value 
Rth = R{rth) is called the radius of wormhole throat. For m = the metric ([5]) takes the especially simple form: 

ds^ = -df + dr^ + (r^ + rl){de^ + sin^ Odif^), (8) 

It is worth noting that the metric ([8]) was proposed a priori by Morris and Thorne in the pioneering work [ij as a 
simple example of the wormhole spacetime metric. 

IV. ROTATING WORMHOLE 

Now consider rotating wormholes. For this aim we take the wormhole metric in the form ([3|), where r G (— oo, +oo). 
Assume that the throat of wormhole corresponds to the value r = rth- The throat's radius we define as tq — 
K\j.^rth,e=-K/2- Also we define the value 

= io\r=rth,S=TT/2, (9) 
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being the equatorial angular velocity of rotation of the wormhole throat. Without loss of generality we may suppose 
that > 0, i.e. the throat is rotating in the positive direction. Assume now that the following condition is fulfilled: 

nro < c, (10) 

where c is the velocity of light. The condition (|10|) means that the linear velocity of rotation of the throat is much less 
than c. Further we will consider an approximation of slow rotation with the small dimensionless parameter a = Qro/c. 
In this approximation components of the metric describing the rotating wormhole, should just slightly differ from 
respective components of the static metric ([5]). Following the procedure given in [22|, we represent the metric functions 
A, B, K, to and the field (f> as an expansion in terms of powers of a. At the same time it is necessary to emphasize that 
the expansion for the angular velocity should only contain odd powers of a, while the expansions of other functions 
should only contain even powers: 

w = aw^i) +0(a^), (11) 

A = A^°^ +a^A^^^ + 0{a^), (12) 
B = +^25(2) +(9(c,4)^ (13) 

K = K'-°^ +a^K'^^^ +0{a^), (14) 
^ = 0(0) + a20(2) + 0(q4)_ (15) 

The zero order functions A^"), i?(°\ K^'^\ tp'-*^^ correspond to the unperturbed static solution ([5]), (O as follows 

2-1:^1^ m 

Further we restrict our consideration to the first order approximation. In this approximation the functions A, B, 
(j) remain to be unperturbed and are determined by the expressions (|16p . while the angular velocity uj, being initially 
equal to zero, takes the form uj = auj^^^ . The metric of rotating wormhole now reads 

ds^ = -e^^rft^ ^ e-2«^^2 _^ g-2u(^2 ^ rl)[d0^ + sin^ 9{dip^ - 2aLu'^^'>dtd(p)]. (17) 

Substituting the expressions (|1HI15P into the field equations ([2]) and keeping terms up to the first order we obtain 
the only one nontrivial equation for w'^^: 

ds[sm^ 6 dgcj^^'^] = {r^ + rl)d^^ij^^^ + iir - m)drLJ^^\ (18) 



sin-'' 6 



To solve this equation we use the method of partition. Namely, substituting the representation oj*^^' = Q{9)W{r) into 
Eq. p8|) and separating variables yields two ordinary differential equations for the functions 8(6') and W{r): 

^ [sin^ eeg]g = xe, (19) 



(r^ + rl)W" + 4(r - m)W' = XW, 



(20) 



where the prime means the derivative with respect to r. Analyzing Eq. (|20p it is easy to obtain an asymptotic for W 
at Irl — !■ 00: 



W = C'^r[-3+v'9+4A]/2 ^ ^^^[-3-V9+4A]/2 



(21) 



where Ci, C2 are constants of integration. Comparing two asymptotics, ([21]) and ([4]), we find that A = 0. In this 
case the solution of Eq. (fT9| being regular in the interval [0, tt] is = const (without loss of generality one may set 
= 1). A general solution of Eq. (PO)) for A = reads 



Wir) = Ci + Cze^"^'') 



Am{r + 2m) 



(22) 



where the function u{r) is given by ([7]). In order to fix the values of constants of integration Ci, C2 we should use 
boundary conditions. First, let us take into account that — > at r ^ c» (see ([4])). From this we find 



Ci — — C2. 



(23) 
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Second, consider the condition ([9]) determining the equatorial angular velocity of rotation of the wormhole throat. 
Now it takes the form W{0) = l/rg (remember that c — 1). The last relation together with the condition let us 
fix the values of constants Ci, C2. Finally, the expression for the angular velocity uj in first order with respect to a, 
i.e. u) = aijj^^\ is the following: 



uj{r) 



7-0 [1- 



1 - e4"('') 1 + 



4m(r + 2m) 



(24) 



V. ANALYSIS OF SOLUTION 



Examine the solution 



for uj{r) in more details. In the figure[l]the graph of the function coir) is shown. In the 

K)(r)/a 




FIG. 1: The graph of Lj(r)/a for m = 1, ro = 1. 



limit r +00 one has w — > 0. With the physical point of view this means that the coordinate frame of a distant 
observer does not rotate. To define the angular momentum J of the rotating wormhole we consider the expansion of 
(jj(r) given by Eq. ([24]) at large r: 

Comparing this expression with the asymptotic ([4]) we find 



J = 



4am(7 



4m^ 



3ro[l 



(26) 



Note that the denominator 1 — e~^^™/''o(l + Sm^ro"^) in Eq. (|26p is strictly positive if m > (the case m — Q will be 
considered separately), hence the angular momentum J is also positive. 

Now consider the second asymptotical region r — —00 connecting with the region r — +00 by the wormhole throat. 
The function ui(r) in the limit r — > — c» has the following asymptotical form 



a(l 



-47r rn/rp 



8am(r2 +4m2)e^'^''™/'^o 



M-' + 0(|r|-4). 



ro[l-e-2W'-o(i + 8m2r(;'^)] 3ro[l - e'^W'-o (i + SmV^;"^)] 
It is seen that the value of the angular velocity uj{r) at r — > — 00 tends to the constant ojq, where 

a{l - 6-4'^™/'-°) 



Wo = ti'( — 00) = 



ro[l- 



Vn)(i + 8m2ro2)] 



(27) 



(28) 



This means that the coordinate frame, being non-rotating in the region r = +00, receives a constant rotation with 
the angular velocity wq in the region r = —00. 

In the case to = the expression l|24p for Lu{r) is simplified and takes the following form: 



ro 



2 rro 



2 r 
— arctan — 

TT To 



The respective angular momentum J now reads 



2arl 



(29) 



(30) 
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VI. MOTION OF TEST PARTICLES 



In this section we will study a motion of test particles in the rotating wormholc spacetime with the metric (jl7p . 
Thereinafter we will consider only the equatorial plane motion and set 6 = n/2. To derive the equations of motion 
we use the Hamilton- Jacobi method [23l|. The Hamilton- Jacobi equation for a particle with the mass reads 



For the metric ([T7)) the last equation takes the form: 



(31) 



dS_ 
'dt 



dS_ 

dr 



T'^ + Tq \ dip J 



.dS dS 



dt dip 



(32) 



where lu is given by Eq. (|24p . Since the metric does not depend explicitly on time t and the angle ip, we look for a 
solution of the equation ((5^ in the following form 



5*= -Et + Lip + Sr{r), 



(33) 



where E is conserving energy, E > fi^ and L is a projection of angular momentum on z axis. Substituting the 
expression ([55)1 into ([5^ we find Sr{r) and obtain the solution 



S = -Et + Lip - 



-,1/2 



'E^ - 2uje-'^'^EL - 



j,Z _|_ y,. 



dr 



Using the equalities 



ds 



g-0p0 = g"^ 



as 



we find the equations of motion explicitly: 



dt 



ds 



dr 
ds 
dip 
ds 



in r 2 

E^ - 2ujEL - - e^V^ 



+ r. 







1/2 



y,2 _|_ ^2 ■ 



(34) 



(35) 
(36) 
(37) 



Further for the sake of simplicity we restrict our analysis to the case L = 0, that corresponds to the radial motion of 
a test particle at r = +oo. In this case one finds from Eqs. ([35]) and p7|) 



dip 



(38) 



This relation clearly demonstrates that lu is nothing but a local angular velocity of a free falling test particle. The 
particle's trajectory can be found from Eqs. ([55]) and (|57)) : 



ip-ipo 



[1 - e2«(^/£;)2] 



211/2' 



(39) 



where the functions u and w are given by Eqs. ([7]) and (|24p . respectively. Taking into account the asymptotical 
properties of u and w we obtain from Eq. (|39p that 

ip — ipQ — at r ^ -|-oo, (40) 



and 



LP~LP0 



Woe 



[1 -e2W'-o(^/£:)2 



at r 



(41) 
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The first relation (|40|) just illustrates that in the asymptotical region r = +00 the particle's trajectory goes along 
the radial direction with a constant tp. The second relation (|¥T|) shows that after the particle has passed through the 
rotating wormhole's throat and gone to the asymptotical region r — —00 it receives a rotational momentum, so that 
its trajectory represents a spiral with the constant step Ar: 



Ar 



27r[l 



(42) 



Note that since ujq ^ a then Ar ~ a~^, and so Ar is large. 

The equation of trajectory becomes especially simple in the case m = corresponding to the massless wormhole. 
In this case, using Eq. ([^ and integrating, we find from 

ar/rQ / 2 r \ 

ip-ipQ = — 1 arctan — . (43) 

[1- (m/S)2]1/2 y ^ 

The trajectory on the (r, ^)-plane is shown in the figure O 




r— >+oo 



FIG. 2; The trajectory of a test particle in the rotating wormhole spacetime. 

To study the propagation of light we also use the Hamilton- Jacobi method [23]. For this aim we write the Hamilton- 
Jacobi equation for the cikonal -0 (/i = for light): 



0. 



As before we look for a solution in the form 



(44) 



(45) 



where "d is the frequency of light observed at infinity. Further calculations are similar to previous ones. In particular, 
the trajectory of a light ray propagating in the region r = +00 along the radial direction can be obtained directly 
from Eq. (f39|) merely setting /i = and substituting d instead of E. As the result we find 



-2m 



dr. 



(46) 



The trajectory is qualitatively similar to that shown in Fig. Namely, the ray of light, propagating initially 
along the radial direction, becomes "twisted" by the wormhole rotation. This means that after the ray of light has 
passed through the wormhole throat and gone to the region r = —00, it becomes to be propagating along a spiral 
trajectory with step Ar = 



1 2irm/ro 



VII. SUMMARY AND CONCLUSIONS 



We have constructed and analyzed the solution describing the rotating wormhole in the theory of gravity with the 
scalar field with negative kinetic energy. The solution has been obtained under the assumption about a slow rotation 
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of the wormhole. In this case there is the parameter of smallness which characterizes the distinction of a rotating 
wormhole from a static one. Using this parameter one can search for approximate solutions with respect to the order 
of smallness. We have solved the problem in the framework of the first order approximation. In this approach the 
static spherically symmetric wormhole has been chosen as the zero order solution. Solutions of next orders can be 
found as respective perturbations of the zero order solution. Up to the first order the only metric function lu, i.e. the 
local angular velocity of rotation, has obtained a small correction. The other metric functions and the scalar field 
remain to be unperturbed (see Eq. (|17p ). 

The analysis of motion of test particles in the rotating wormhole spacetime reveals an interesting feature. The 
particle initially propagating along the radial direction turns out to be involving into the wormhole rotation so that 
after passing through the throat of wormhole it continues its motion along a spiral trajectory moving away from 
the throat. The similar behavior has the propagation of light. The ray of light after passing through the rotating 
wormhole throat is propagating along the spiral. 

Note that a number of interesting and important problems remain unsolved in the paper. Namely, how does the 
rotation of wormhole tell on the value of violation of the null energy condition, i.e. is it increasing or decreasing? 
Or, how docs the rotation change characteristics of the static wormhole such as the throat radius? To answer these 
questions one should consider at least the second order approximation. Such the consideration will be presented in 
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